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Minimax Optimal Control Analysis of Lateral Escape
Maneuvers for Microburst Encounters

H. G. Visser*
Delft University of Technology, Delft 2600 GB, The Netherlands

This study examines the optimization of lateral escape trajectories in a microburst wind flowfield for an aircraft
on final approach. The performance index being minimized is the maximumvalue of altitudedrop at any point along
the trajectory. In contrast to earlier work, the Chebyshev minimax performance index has not been approximated
by a Bolza integral performance index. Rather, true Chebyshev solutions have been established by transforming
the minimax problem into an equivalent optimal control problem with state variable inequality constraints. In
comparison with Bolza solutions, Chebyshev solutions demonstrate a marked improvement in reducing the peak
value of altitude drop. Moreover, the general trajectory behavior turns out to be radically different. In Chebyshev
solutions, altitude typically is traded for airspeed in the initial phase of the encounter, such as to position the
aircraft in a region of relatively low downdraft. The overall benefits of lateral escape vis-a-vis nonturning escape

were reconfirmed in this study.

I. Introduction

OW-LEVEL windshear phenomena, and most notably mi-

crobursts, have long been recognized as potential hazards to
aircraft in takeoff or approach-to-landing. A microburstis a shaft
of cold air that descends rapidly, striking the ground and producing
winds that diverge radially from the impact point. Flight crews need
to be warned in time to avoid the hazard region or to escape in the
event that avoidance is not possible. Most modern jet airliners are
currently fitted with areactive windshear sensor system that permits
in situ detection of such potentially hazardous situations. Now in
development are forward-look windshear detection systems to look
ahead of the aircraft, thus offering improved alert times. Extensive
researchefforts also have been devotedto the developmentof escape
techniques that can be applied to prevent a possible crash resulting
from a microburst encounter. Optimal trajectory studies have con-
tributed significantly to insight about how to best fly an aircraftin a
windshear encounter.!

The pioneering work in this area is due to Miele et al.>~* In addi-
tion to optimal control studies to improve the takeoff performance
during microburst encounters,? they also have considered several
approach-to-landing cases.>** Upon encountering a microburstin a
glideslope approach, the pilot has essentially two options: to abort
the landing or to proceed. If the altitude at which the windshear
warning is received is sufficiently high, aborting the approach is
the safer procedure. Miele et al.* considered optimal abort-landing
trajectories through windshears that minimize the peak value of the
altitude drop. However, these trajectories were confined to a ver-
tical plane only. Following Miele’s lead, the abort-landing results
were later extended to flight in three dimensions, i.e., to optimal
trajectories that feature lateral maneuvering 3

The performance index considered in both Refs. 4 and 5 is of the
so-called minimax (or Chebyshev) type. Via suitable transforma-
tions.® such a Chebyshev problem can be approximated by a Bolza
problem. In Ref. 5 it was noted that instead of the Bolza perfor-
mance index approximation, it is also possible to apply another
transformation technique to solve the original minimax problem.
More specifically, the minimax problem can be reformulated as
a standard optimal control problem with state variable inequality
constraints.”~'° Although the numerical treatment of the resulting
Multipoint-boundary value problem (MPBVP) is rather cumber-
some, the nonturning escape trajectory resultsin Refs. 7 and 8 were
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foundto be sufficiently intriguingto warrant a closer examinationof
this approach. The main purpose of the present paper thereforeis to
establish optimal lateral escape trajectories by solving the original
minimax problem (“Chebyshev solutions™) and to compare the re-
sults with solutions to the Bolza performance index approximation
(“Bolza solutions”).

In Ref. 11, Zhao and Bryson propose an alternative formulation
for optimizationof flight paths in the presence of windshear, namely,
maximization of the final value of specific energy while taking into
account a safe minimum altitude constraint. It will be shown here
that this particular formulation can be conveniently included in the
minimax optimal control analysis without significant modification.

Finally, it is noted that the ultimate goal of our research effort
is development of a near-optimal feedback lateral-escape strategy
for microburst encounters.'”> The present open-loop optimal con-
trol results primarily serve to set “ideal” standards against which
simulated closed-loop guidance solutions can be compared.

II. Microburst Encounter Modeling
To formulate the equations of motion, a moving but nonrotating
reference frame translating with the local air mass is used (relative
wind-axesreferenceframe). With the premisesoutlinedin Ref. 5, the
equations of motion describing the dynamics of a point-mass mod-
eled vehicle moving in the three-dimensional space can be written
as follows:
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where x, y, and h are the position coordinates, E is the specific
energy, y is the flight path angle, ¥ is the heading angle, and 8 is the
throttle response. The wind velocity vector has three components:
W., W, and W,. The thrustis assumed to have a fixed inclination,
8, relative to the zero-lift axis. The throttle response is modeled as
a first-order lag with time constant t.

The three control variables in the system model are all subject to
inequalities

0=<p =1 ®)
[l < Mmax 9
0 <o < otax (10)

where B, is the throttle setting, u is the bank angle, and « is the
angle of attack.

As in Ref. 5, instantaneous angle of attack and roll angle re-
sponse have been assumed here. This contrasts with the work of
Miele et al.,>~* where not only is a bound imposed on the maxi-
mum value of the angle of attack but also the rate of change of this
variable is limited. The validation effort reported in Ref. 13, where
the & constraint was included in the system model, revealed that
the influence of the & constraint remains limited to the initial tran-
sient only, leaving the overall trajectory behavior and performance
virtually unaffected.

The aerodynamic forces lift (L) and drag (D) are modeled in the
usual fashion:

L:CL(oz)%pVZS, D:CD(oz)%pVZS (11
The maximum available thrust force 7, is assumed to be a func-
tion of airspeed only. The aircraft type used in the investigation is
a Boeing 727. Details of the aerodynamic and thrust data for this
aircraft type (in landing configuration) are given in Ref. 5; a de-
tailed description of the microburst wind fieldflow model can also
be found there. For this reason, further details regarding the models
are omitted here. However, it is recalled that in view of the axisym-
metric character of the microburst model, polar coordinates have
been used to describe the wind flowfield in a horizontal plane (see
Fig. 1).

For a given aircraft position (x, y), it is readily clear from Fig. 1
that the radial distance r from the microburstcenter (axis of symme-
try) located at the point (x,, y.) can be computed from the relation

r=y = x)? 4 () — ye)? (12)

Also observe that the origin of the coordinate frame is located at
the runway threshold. Using polar coordinates, the horizontal wind
components W, and W, can be readily related to the radial wind
velocity W,:

W, = cosyr, W, (r), W, =siny, W,(r)  (13)

where ¥, is the direction of the radial wind velocity vector.

<—— runway

maximum outflow
velocity contour

Fig.1 Geometry of microburst encounter.
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An important parameter used in evaluation of windshear per-
formance is the F factor. The F factor can be defined in various
ways; here the definition introduced in Ref. 5 for analysis of three-
dimensional windshear encounters is used:

BTux —D) _ E
FA——— — 14
A W v (14)
The F factor represents a direct measure of the degradation of an
aircraft’s capability to gain energy due to the windshear?

III. Optimal Control Formulation
A. Minimax Optimization Criterion
Because we seek to avert an impending crash, a natural choice for
the objectivein an abort approach-to-landingis maximizationof the
terrain clearance, or, in other words, maximization of the minimum
altitude at any point along the escape trajectory. An equivalentspec-
ification of the performance measure is to minimize the peak value
of altitude drop, i.e., the difference between a constant reference
altitude h,.¢ and the instantaneousaltitude (see Fig. 2):

min/ = min{ max [hs — h(t)]} (15)
7

0=r=t,

where [0, 7] is the fixed flight time interval. Note that the reference
altitude hf needs to be chosen so that the right-handside of Eq. (15)
remains positive at all times.® On the basis of a well-known result
obtained from functional analysis,6 ie.,

tf 1/2k
lim { / [hmf—h(r)]”dt} = max [her —h(D]  (16)
0 ststy
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the minimax criterion in Eq. (15) (Chebyshev performance index)
can be approximated by a Bolza performance index

1
minJ = min/ (heet — h)" dt 17)
0

where n is a large positive, even exponent. A numerical value for the
exponent in Eq. (17) that is typically assumed in many numerical
45711 is n = 6. In normalized form, the Bolza index is

studies
if A\
Ji = / 1—- dr (18)
0 href

denoted here as J;:
Unless stated otherwise, a power n = 6 will be assumed in J;.

B. Transforming a Minimax Problem into a Standard Optimal
Control Problem

Although minimax problems arise in many applications, they are
relativelydifficultto handle numerically.One of the most commonly
used approachesis to apply the transformationtechnique of Warga.'®
By this technique, the minimax problem can be converted into a
standard optimal control problem, albeit with the complication of
an added state inequality constraint. Let us introduce the maximum
altitude drop ¢ (f) as a new state variable:

() A& max [hee —h(D)] (19)
O<i=<ty
h = 400 m

peak value of
altitude drop

Altitude

a° glide slope -

Time

Fig.2 Illustration of performance index.
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The Chebyshev index (15) can now be expressed as an end-cost
function J,:

I =¢(ty) (20)

subject to the additional constraints
t=0 1)
STR(1), £()] = heg — h(t) = £(1) <0 (22)

Effectively, this transformation technique amounts to enforcing a
minimum safe altitude constraint (i.e., & > h;;,) while maximizing
the minimum altitude limit /2, (= e — £).

C. Final Specific Energy Criterion

The two criteria J; and J, aim at providing the best possible
performance in terms of recovery altitude. However, another im-
portant concern is limitation of the energy drain due to windshear,
as this directly affects an aircraft’s potential to survive in a pro-
tracted encounter. To address this issue, a third criterion involving
maximization of specific energy at termination is considered:

Jy = —E(t)) (23)

Obviously, the minus sign in Eq. (23) stems from the fact that we
seek to minimize the performance index Js.

D. Composite Performance Index

To permit a tradeoff between the various performance criteria,
the following composite index is formed:

_ f A\
T =/ (1 - ) dr + K2 (t;) — KLE(17)
0 href

:J1+K1J2+K2J3 (24)

where K, and K, are (positive) weight factors.

To facilitatethe numericalcomputationof the optimal trajectories,
a continuation process has been used in which the parameters K,
and K, served as homotopy parameters. Obviously, the homotopy
chain was started with K; = K, = 0, which corresponds to the
previously established results involving the integral performance
measure only.’ Note thatbecause for any finite value of K there will
always be an integral part in the composite performance measure
(24), the specification of a “pure” Chebyshev performance measure
is precluded.

The main reason for introducing the performance index (24) is
that we actually seek to avoid the formulation of a pure Chebyshev
optimal control problem. It is well known that many minimax prob-
lem formulations are plagued by serious concerns regarding the
existence and uniqueness of the solution, particularly when fixed
final time problems are considered’

Any attempt to increase specific energy at termination typically
comes at the expense of a lower recovery altitude. As a matter of
fact, this has been the very reason for including a minimum safe
altitude constraintin the maximum final energy analysis of Ref. 11.
By employing the composite performance index (24), analysis of
Ref. 11 can be completely embedded in the present study. The ac-
tually achieved minimum altitude is a function of the weight factor
K,; the larger K, the lower the achieved minimum altitude. To re-
produce the results of Ref. 11, one needs only to search for the value
of K, that produces the trajectory for which the actually achieved
minimum altitude matches the specified safe minimum altitude.

E. Baseline Scenario

In the numerical examples of Ref. 5, different locations of the
microburst have been considered, such as to assess the influence on
the escape procedures. However, in this study the main interestis on
comparing solutions for different weight factors in the performance
index. For this reason, the numerical examplesincludedin this study
have beenlimited to the referencescenariodefined in Ref. 5. In other
words, only encounters in which the microburstcenter is located on

the runway centerline extension 1.5 km from the runway threshold
are considered. The final time 7, has been fixed at 50 s, which is
sufficiently large to allow a complete transition of the shear region.
For the reference altitude /., a value of 400 m has been taken,
which, for the assumed flight time, is large enough to ensure that in
the trajectory computations /¢ will never be exceeded.

The aircraft initial conditions specified in Ref. 5 are also adopted
here. These values correspond to a situation in which an aircraft
would fly during a stabilized glideslope approach 2.5 km from the
runway threshold. It is noted that, for the considered microburstsize
and location, the aircraft position at which the escapeis commenced
is on the maximum radial outflow velocity contour. From an opera-
tional perspective,the assumed scenariois, therefore, representative
of an encounter featuring in situ windshear detection.

Similar to Ref. 5, no terminal boundary conditions on the state
variables have been imposed, primarily because such conditions
hardly influence the minimum altitude performance but rather affect
only the extremal solution in the aftershear region.

F. Necessary Conditions of Optimality

To summarize, the objectiveis to minimize the composite perfor-
mance criterion (24) for a given final time, subject to the differential
system givenby Eqgs. (1-7) along with Eq. (21). This systemis com-
plemented by the control inequality constraints (8-10) and the state
inequality constraint (22). Now that the optimization problem is in
a standard form, the basic necessary conditions of optimal control
theory for problems involving state/control inequality constraints
can be readily applied.

To this end, let us first examine the nature of the state constraint
(22). Taking consecutive time derivatives of the equation S = 0:

S=—h(t)—¢@®) =—h(t)=0 (25)
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it can be concluded that the state constraint (22) is of second order.
Note that in the evaluation of Egs. (25) and (26), we have used
Eqgs. (21), (6), and (7), along with the relationship

EAh+ (V?)2g) = V = (g/V)IE — h] 27

Alsonote that Eq. (26) explicitly containsthe three control variables
but that no wind terms are present.

Typical of a second-orderstate constraint, it can become active in
two different fashions, namely, at an isolated point (touch point) or
on some subintervalof [0, #;]. Obviously, an optimal path may con-
tain multiple touch points and constrained subarcs. For each specific
combination of constrained subarcs and touch points, a different
MPBVP results from the application of the necessary conditions.
Depending on the factors K and K, and the specified aerodynamic
roll angle limit p,,,, four different possibilities of active state con-
straints have been found for the present windshear problem, includ-
ing the two standard cases, namely, 1) a single touch point and 2) a
single constrained subarc. The two other cases are 3) a constrained
arc followed by a touch point and 4) two consecutive touch points.
However, at this stage we cannot completely rule out the possibility
of other combinations. A complete derivation of the MPBVP for
each case is presented in Ref. 14.

G. Numerical Implementation

The standardtransformationof the minimax optimal controlprob-
lem into a state-constrainedoptimal control problem allows numer-
ical treatment of the resulting MPBVP by the multiple-shooting
technique. For resolution of the problems formulated, we have em-
ployed the well-known BOUNDSCO code that has also been used
in previous work.>7~°
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Each of the four aforementioned cases of active state constraints
requires a specific implementationin BOUNDSCO. Unfortunately,
for a given windshear encounterscenarioit is not generally possible
to tell a priori which is the appropriate case. As a result, some trial
and error is typically required.

IV. Numerical Results
A. Assessing the Bolza Criterion

Although the Bolza performance index approximation (18) has
been widely used, the accuracy of the resulting solutions has not yet
been properly assessed. For this reason, an attempt has been made
to compute optimal Bolza solutions for values of the exponent n
in the performance index (18) larger than 6. Because of numerical
complicationsin the solution, it is not generally possible to use very
large values for n. However, we have been able to compute optimal
trajectories with exponents up to 16, albeit with great difficulty.

Note thatfor the best possible computationalresults, the reference
altitude h,r should be chosen as small as possible with the differ-
ence h, — h positive at all times. Because the actually achieved
maximum altitude within the specified time interval depends on the
particularscenario that is considered (e.g., the microburstlocation),
the parameter /s must be selected carefully so that it can apply in
all situations.

The following numerical example serves to illustrate the min-
imum altitude performance of optimal trajectories computed for
a sequence of exponents n in the Bolza performance index (18).
Three different values of the exponent n are considered in Fig. 3,
namely,n = 6, 8, and 10. For reference purposes, the corresponding
Chebyshev solution (see next section) has also been included. This
particular solution has been labeled n = oo in Fig. 3. Although
not directly apparent from Fig. 3, the trajectories shown concern
lateral maneuvers that are executed with an assumed aerodynamic
roll angle limit of 10 deg.

From Fig. 3a it is readily observed that the Bolza perfor-
mance index approximation J;, featuring n = 6, produces rather
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Fig.3 Comparison of extremal solutions for various values of the ex-
ponent n in the performance index J;; lateral maneuvering (ttmax = 10
deg).

unsatisfactory results in terms of minimum altitude performance.
Increasing the power n from 6 to 8 results in a vast improvement,
despite the fact that the angle-of-attackbehavior is not significantly
affected (see Fig. 3b). Increasing the power n even further, from 8
to 10, raises the minimum altitude to a higher level, and the ini-
tial climb disappears. However, a comparison of the Bolza solu-
tion with n = 10 with the Chebyshev solution clearly shows that
the minimum altitude performance is still rather poorly approx-
imated.

B. Assessing the Chebyshev Criterion

The example presented in the preceding section focused on a
Bolza problem. In other words, the weight factors K; and K, in
the composite performance index (24) were set to zero. In the two
numerical examples presented in this section, a zero value for the
factor K, is maintained and K, is parametrically varied. A power,
n = 6, has been adopted in the integral term J; of the composite
index in both examples.

The first example concerns evaluation of optimal lateral escape
trajectories in the baseline scenario for an assumed aerodynamic
roll angle limit of 10 deg. Figures 4a-4e present results pertaining
to three different values of K;, namely, K; = 0, 0.025, and 25.
The case K| = 0 represents the original Bolza problem, whereas
K, = 25 representsa virtually pure Chebyshev problem.

Figure 4a shows the ground tracks of the resulting optimal es-
cape trajectories. Figures 4b and 4¢ present the time histories of the
two control variables: angle-of-attack and aerodynamic roll angle.
The third control variable is throttle setting. Obviously, full throt-
tle is used throughout the escape maneuver. It can be seen that the
angle-of-attack behaviors for K; = 0 and 0.025 are very similar.
Nevertheless, the resulting altitude profiles are quite different, as
shown in Fig. 4d. In particular, the minimum altitude achieved is
significantly higher for the trajectory computed for K; = 0.025.
Furthermore, we note that a massive further increase in the param-
eter K| by a factor of 1000 (from K; = 0.025 to 25) leads to only
a modest improvement in the actually achieved minimum altitude.
However, the angle-of-attackbehavioris quite differentfor the latter
case, especially in the initial phase of the encounter. Some striking
featuresin the angle-of-attackbehaviorforthe cases K| =0.025 and
25 concern the discontinuitiesin de/d¢. The instances where these
“cusps”in the time historiesoccuractually representthe entry points
to the altitude-constrainedsubarcs that are present in both trajecto-
ries. Note that, on these constrained subarcs, angle of attack is effec-
tively governedby Eq. (26). The trajectoryfor K| = 25 also features
an additional touch point to the altitude constraintin the aftershear
region.

Similar to angle-of-attack ¢, the behavior of the aerodynamic
roll angle p is not significantly affected by a slight increase in K.
Only when K| is increased so that the Chebyshev part in the per-
formance index becomes dominant is the aerodynamic roll angle
behavior affected. Indeed, for K; = 25 the aerodynamic roll angle
leaves its limit much earlier. However, as the decay seems almost
completed, the aerodynamic roll angle suddenly starts to increase
again and subsequently behaves similarly to the trajectories com-
puted for low values of K. Note that the instance where this strange
roll angle behavior occurs happens to be the final touch point to the
altitude constraint. In a true Chebyshev problem, the behavior of the
controls becomes virtually irrelevant once this final touch point has
been passed. It is conjectured that, because of the heavily weighted
Chebyshev part in the composite performance index, the emphasis
initially is on maximizing the minimum altitude, but that attention
is shifted toward minimizing the integral part once the minimum
altitude constraintis definitively departed.

Up to this point, we have more or less implicitly assumed that
K, = 25 is sufficiently large to represent a Chebyshev solution.
To check this assumption, we have computed optimal lateral es-
cape trajectories for a range of values of K, rather than just the
three aforementioned values. The results are summarizedin Fig. 4e,
which shows how the integral part J; and the Chebyshev part J,
in the composite performance index vary with K, in the optimal
solution. Note that a logarithmic scale is used for the parameter K
in Fig. 4e. As expected, the value of J; monotonically increases
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Fig.4 Comparison of extremal solutions for various values of K;. K, = 0; lateral maneuvering (ftmax = 10 deg).

with K|, whereas J, monotonically decreases with K;. What really
comes as a surprise is the magnitude in the variations of the two
performance measures. By gradually moving from a Bolza problem
to a Chebyshev problem, the minimum altitude performance can
be improved by as much as 25 m. It seems safe to state that the
Bolza approximation, as presently employed, is indeed rather poor.
Another conclusion that can be drawn from Fig. 4e is that the ab-
solute minimum altitude performance can be well approximated by
solving the optimal control problem for any value of K in excess
of 0.1.

A striking feature that can be observed in the curves J; and J,
vs K in Fig. 4e is the slight cusp around K; =0.03. The pres-
ence of this cusp can be explained from the fact that for values
K, > 0.03, trajectories start featuring a touch point in addition to
a constrained subarc. For values of K; < 0.015, the trajectories
feature only a single touch pointrather than a constrainedsubarc. In
all, Fig. 4e thus comprises three different types of extremal trajecto-
ries, namely, trajectories featuring a single touch point, trajectories
featuringa single constrainedsubarc, and trajectoriesfeaturingboth
a constrained subarc and a touch point.

A close examination of optimal Bolza solutions established in
Ref. 5 revealed that the performance improvements offered by lat-
eral escape maneuvers were a direct consequenceof the fact that the
passage through the shear region can be curtailed. These observa-
tions were fully reconfirmed in the present study. Whatever values
are adopted for the weight factors K| and K, lateral maneuver-
ing was always found to be beneficial relative to straight flight, at
least for escapes that are initiated outside the peak outflow contour.
Figure 5 demonstrates the benefits of lateral maneuvering by sum-
marizing the results for a complete family of optimal trajectories,
parameterized by K; and the imposed roll angle limit f¢,,,. Note
that in a Chebyshev solution the extent of the constrained subarc
decreases with an increasing roll angle limit. Indeed, when the roll
angle limit is increased sufficiently, the constrained subarc reduces
to a touch point.

In Ref. 14, additional numerical examples are presented, includ-
ing several cases thatinvolve forward-lookingdetection. The results
obtainedin Ref. 14 confirm the earlier observationsthat a lateral es-
cape is especially effective in improving the recovery performance
if advance warning is provided?
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C. Assessing the Energy End-Cost

In the present study, lateral escape trajectories for nonzero values
of K, in the performanceindex have been generatedas well. Figure 6
presents the results for a typical example in which the following
parameters have been adopted: K; = 0.05 and pt,,x = 10 deg. Four
different values of K, are consideredin Fig. 6.

A common feature of optimal solutions with a nonzero value for
K, is that they all terminate with zero angle of attack. This particu-
lar feature is a direct consequenceof the transversality conditions.'*
For relatively small values of K,, the emphasis in the optimiza-
tion process obviously still is on improving the minimum altitude
performance. For increasing values of K, the emphasis shifts to-
ward the maximum final energy criterion. This behavior is clearly
demonstrated in Figs. 6a and 6b. For a small value of the factor
K, (i.e., K, = 0.005) the angle-of-attackbehavior within the shear
region is virtually the same as that for the trajectory with K, = 0.
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Consequently, the minimum altitude achieved also is almost the
same for the two cases. Figure 6d shows that the effort to gain
specific energy is confined to the aftershearregion only. As the pa-
rameter K is increased, the angle of attack will leave its limit earlier
in the aftershear region. As a matter of fact, when K, is increased
sufficiently, angle of attack will no longer reach its limit. This is
evident in the solution for the value K, = 0.05 (the same value
as used for K ). In this particular case, the controls are noticeably
influenced already within the shear region. Indeed, it is clear that
minimum altitude is traded for an additional gain in specific energy.
Figure 6b also reveals that the optimal trajectory no longer has a
touch point in the aftershearregion, i.e., only a constrained subarc
is present.

For the value K, = 0.2, the minimum altitudeis only 6 m. Clearly,
the solution exhibits only a single touch point for this particular
value of K,. From a practical point of view, the resulting trajectory
is hardly realistic; however, it does illustrate the tradeoff between
maximizing minimum altitudeand maximizing final specific energy.
Figure 6e reveals that directing an aircraft to a low altitude leads to
improved F-factor behavior. This can be largely attributed to the
fact that an aircraft’s exposure to downdraft is diminished at lower
altitudes.

The specification of even a modest value of K, helps to avoid low
airspeeds in the aftershear region (see Fig. 6¢). Nevertheless, the
overall behaviorin the terminal phase is still far from desirable from
an operational perspective. Indeed, in the final phase, trajectories
with nonzero values for K, terminate with a dive. In Ref. 14 it is
shown thatthisundesirablebehaviorcan be simply avoided (without
sacrificing performance) by specifyinga nonnegativeterminal value
for flight path angle.

V. Concluding Remarks

Optimal lateral escape trajectoriesin a microburst wind field were
studied for an aircraft on final approach. The performance index
being minimized was the peak value of altitude drop, with the ad-
ditional consideration of maximizing final specific energy. Mini-
mizing the altitude drop can be achieved by directly solving the
associated Chebyshev problem but also by approximating the min-
imax performance index by a Bolza integral. The latter approachis
mathematically much simpler and therefore has generally been the
method of choice up to this point. In this paper, a new composite
performance index has been introduced, allowing a problem to be
solved as a weighted combination of a Chebyshev term, an integral
term, and a maximum final specific energy term.

Probably the most striking result obtained in this study relates to
the dramatic improvement in minimum altitude performance that
can be obtained by increasing the weight factor multiplying the
Chebyshev term in the performance index. This leads us to believe
that the previously used Bolza performance index approximation
is not really all that useful. As a matter of fact, because this Bolza
approximation is fairly widely used, this conclusion may have a
much wider bearing than just the present windshear problem.

A close examination of the numerical results has revealed that
the improvementin minimum altitude performance with increasing
emphasis on the Chebyshev part is primarily realized by reducing
angle of attack in the initial phase of the microburst encounter.
Indeed, a Chebyshev solution appears to rapidly trade altitude for
speed, such as to reduce the exposure to downdraft.

Inclusion of a relatively small final specific energy term in the
performancecriterionturned outto be usefulin improvingtrajectory

behavior in the aftershear region without affecting the minimum
altitude performance. However, if the final specific energy term is
heavily weighted, the overall trajectory behavior is influenced in
the sense that altitude performance is sacrificed for the benefit of
gaining specific energy.

A very important finding in the present study is that the benefits
of lateral maneuvering vis-a-vis nonturning escape remain unchal-
lenged. However, we must remain aware of the fact thatin this study
highly idealized (axisymmetric) windshear models have been used.
In reality, spatial wind variations will generally exhibit far more
erratic behavior than our simple model suggests. Another concern
that has not yet been addressed relates to the occurrence of multiple
simultaneous microbursts, possibly in different stages of develop-
ment. A study on optimal escape trajectories in a complex wind
flowfield is clearly warranted, obviously with due consideration to
the probability of occurrence of such events.
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